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Generalized Low-Error Area-Efficient
Fixed-Width Multipliers
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Abstract—In this paper, we extend our previous methodology
for designing a family of low-error area-efficient fixed-width
two’s-complement multipliers that receive two -bit numbers and
produce an -bit product. The generalized methodology involving
four steps results in several better error-compensation biases.
These better error-compensation biases can be easily mapped
to low-error area-efficient fixed-width multipliers suitable for
very large-scale integration implementation and digital signal
processing application. Via the proposed Type 1 8 8 fixed-width
multiplier, the reduction of the average error can be improved by
88% compared with the direct-truncated (D-Truncated) multi-
plier. It is also shown that the same proposed multiplier leads to
32.75% reduction in area compared with the standard multiplier.

Index Terms—Area efficient, Baugh–Wooley algorithm, fixed-
width multiplier, truncation error.

I. INTRODUCTION

DURING THE PAST decade, digital signal processing
(DSP) kernels stand the test for widely multimedia-com-

munication applications. It is desirable to operate fixed-width
(also referred to as single precision) multiplication with low
truncation error [1]–[8] among many DSP kernels such as digital
filters [3], [8]–[10] and wavelet transform [7]. The fixed-width
multipliers derived from Baugh–Wooley [11]–[13] multiplier
produce -bit output product with -bit multiplier and -bit
multiplicand. Area saving of a fixed-width multiplier can be
achieved either by directly truncating least significant columns
and preserving most significant columns or by other efficient
methods [1]–[8]. By the former method, significant truncation
errors will be introduced since no error compensation is consid-
ered. Thus, the latter schemes explore issues on low truncation
error and small area. Lim [1] first utilized statistical techniques
to estimate and simulate the error-compensation bias. However,
in his analysis, the reduction and rounding errors are separately
treated such that this scheme does not lead to an accurate enough
error-compensation bias. Reduction error occurs because the

least signification columns of the subproduct array are
not used to compute the product, where is a nonnegative
integer between 0 and . Rounding error occurs because the
product is rounded to bits. Note that the sum of the reduction
and rounding errors equals the truncation error [2]. Schulte et al.
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[2] improved the error-compensation bias to be more accurate
and practical since the reduction and rounding errors are con-
currently treated. The above two schemes are based on keeping

most significant columns of the subproduct array. While
equals zero, these two schemes are equivalent to the work of Ki-
dambi et al. [3]. Nevertheless, the three analyzes and structures
cannot provide an adaptive error-compensation bias by taking
account of unused product-bits in hardware. Later, King and
Swartzlander [4]–[6] analyzed an adaptive error-compensation
bias (also referred to as variable correction) under keeping
most significant columns and proposed an -bit fixed-width
multiplier. Corresponding to J-K-Cs’ index, Jou et al. [7], inde-
pendently, provided another adaptive error-compensation bias
(also referred to as carry-generating circuit) to improve trunca-
tion error at . In [8], how to choose the index and
one specific low-error fixed-width multiplier structure for
have been partially investigated and pointed out, respectively.
This work is intended to extend our previous methodology to
design several low-error area-efficient fixed-width two’s-com-
plement multipliers under different values of . Note that
the features of low error and area efficiency of our proposed
multipliers can be revealed through the comparison with the
direct-truncated (D-Truncated) multiplier and standard multi-
plier, respectively. This generalized methodology includes the
following phases in order:

1) propose an error-compensation bias with a new binary
thresholding for a fixed value of ;

2) simulate the value of and error performance of the
proposed error-compensation bias using our generalized
index, and then select the best index having lower error
and satisfying the same value of for limited width ;

3) verify the realizable error compensation bias by statistical
techniques;

4) construct the low-error fixed-width multiplier structure.
In this paper, the limited width is under the range of . The
realization of this methodology and the detailed terminologies
will be debated in Section III. Through the verification of the
chip implementation, these low-error multipliers at are
shown to have the same chip-area ratio as J-K-Cs’ multiplier.
While , the new multiplier also operates lower error than
those in [4]–[6] at the expense of slightly increased area-ratio
with respect to each value of . Thus, the proposed low-error
fixed-width multipliers are area-efficient.

This paper is organized as follows. The Baugh–Wooley array
multiplier is briefly reviewed in Section II. In Section III, by
properly choosing binary thresholding as well as the generalized
index, we propose several better error-compensation biases and
simulate the results for . And then, we show that the new
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Fig. 1. Subproduct array of n � n two’s-complement multiplication.

error-compensation biases still hold for each value of by using
statistical techniques. The improved error-compensation bias
can be mapped to a new structure with respect to each value of

. The comparison results in terms of relative maximum error,
relative average error, relative variance of the error and chip-area
ratio in percentage are presented in Section IV. For speech
processing application, the error performance using the various
fixed-width multipliers is clearly shown in the same section. At
last, brief statements conclude the presentation of this paper.

II. FUNDAMENTALS OF BAUGH–WOOLEY ARRAY MULTIPLIER

Considering two two’s-complement integer operands, an
-bit multiplicand and an -bit multiplier can be respec-

tively represented by

(1)

(2)

where , . The -bit product can be
written as

(3)

Equation (3) represents the Baugh–Wooley algorithm [11]–[13]
in which this array multiplier sums partial-product bits corre-
sponding to each weighting. Fig. 1 reveals the subproduct array
for two’s-complement multiplication.

III. LOW-ERROR FIXED-WIDTH MULTIPLIERS

Since partial products for Baugh–Wooley array multiplier can
be partitioned into two sections, (3) can be rewritten as

(4)

where , is the most significant columns, and
is the least significant columns as shown in the shadow

region of Fig. 1. It is known that the most accurate truncated
product is theoretically given by

(5)

(6)

where denotes the rounding integer of . From (6), it is ob-
served that is mainly affected by

due to the largest weight. Thus, it is
convenient to define the main-error compensation term
and remain-error compensation term . Although
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and have been defined in [8], for convenience of pre-
sentation, we reproduce two terms, respectively, as

(7)

(8)

Using (7) and (8), we can recast (6) as

(9)

It should be emphasized that is the most accurate error-
compensation bias (also called true rounding approach) and the
fixed-width two’s-complement multiplier structure can be mod-
ified from [8, Fig.2 (a)]. The modification requires that half
adders are added in the bottom row of [8, Fig.2 (a)] and then

is directly connected to the input of a half adder in the lower
right-hand corner. However, it is apparent that this true rounding
approach results in larger area (i.e., higher cost) than that of
a standard multiplier. On the contrary, directly truncating
columns leads to the smaller area fixed-width two’s-comple-
ment multiplier, but this approach incurs the largest truncation
error.

Before extending our proposed systematic methodology,
some useful terminologies are indicated here. To explore the
influence of the index in the proposed binary thresholding
for different values of , we first define a generalized index,

, as

(10)

where means to keep most significant columns of the
subproduct array as shown in Fig. 1 and the binary parameters

, and . The operator

if

if
(11)

in which is the complement of the binary number . Instead,
the index is referred to as

, where

(12)
Note that has a range varying from 0 to ; for ex-
ample, denoted as means
the 129th index under keeping columns for . The intu-
itive meaning of is to properly partition the errors into two
groups and the resulting error can be alleviated. In other words,
if cannot be properly chosen, the resulting error will be-
come larger. How to apply will be demonstrated in this sec-
tion latter. For evaluating the resulting performance, let , ,

and be the absolute error between products of the standard

multiplier and truncated multiplier, the maximum error, the av-
erage error, and the variance of error, respectively. Since these
error terminologies are well defined in [8], herein, we do not re-
peat the definitions for conciseness. In the following, we divide
the content into two subsections.

A. Realizable Error-Compensation Bias Keeping Most
Significant Columns

In this situation, since is equal to zero, the most significant
columns of reduction error and rounding error occur in the same
column; thus, the analyzes of Lim [1] and Schulte et al. [2] could
be reduced to that of Kidambi et al. [3]. The contribution of [3] is
to provide a constant error-compensation bias derived from the
carry-propagation probability of . The truncated multiplier
in [3] yields -bit product as

(13)

where represents the error-compensation bias and
only depends on the width . While the width is given, one
can obtain a constant error-compensation bias under uniform
distribution input. Note that the analysis of King and Swart-
zlander [4], [5] does not belong to this subsection since they
focus on the design for . Then, Jou et al. [7] improve
truncation error in [3] and suggest a specific truncated multi-
plier that results in the fixed-width product as

(14)

if

if
(15)

where . Note that
the index , which is a function of input signals and

, determines the error compensation bias . Herein,
we apply our generalized methodology to design other low-error
fixed-width multipliers without sacrificing area. By applying the
derivation result in Appendix A, one can recast (9) as

(16)

where

(17)

In (16) and (17), since the elements of except the first
and last elements move to the -th most significant column, we
can flexibly control the compensation bias by input signals. In
other words, since the generalized index has different
configurations corresponding to each value of , can pro-
vide distinct compensation biases. After applying binary thresh-
olding scheme in the first step, we have proposed two types of
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TABLE I
COMPARISON RESULTS OF RELATIVE MAXIMUM ERROR, "

TABLE II
COMPARISON RESULTS OF RELATIVE AVERAGE ERROR, "

TABLE III
COMPARISON RESULTS OF RELATIVE VARIANCE OF ERROR, �

binary thresholding at that have been clearly demon-
strated in [8]. Through the full-search simulation for Type 2 bi-
nary thresholding in the second step, we observe that specific in-
dexes , , and have almost the
same error performance as that of . As shown in
Tables I–III, Type 2 fixed-width multiplier with
achieves better performance than K-G-As’ and J-K-Cs’ struc-
tures. In Table IV, we can see that Type 2 fixed-width multiplier
with has the same active chip area as that of
J-K-Cs’ structure and possesses less than 13% area overhead
compared with D-Truncated and K-G-As’ structures. The re-
sulting simple error-compensation biases with low truncation
error in Type 2 binary thresholding are described as

if

if
(18)

where could be one of the following:
,

,
, and

. It isdifficult to sim-
ulate that these indexes achieve better performance for
since the exhaustive simulation takes lots of computation time. In
the third step, we show that these indexes are suitably adopted to
design fixed-width multipliers for each value of by statistical
techniques. Because these statistical techniques at have
been fully exposed in [8, Sec. III], we bypass here. Throughout
this paper, the probability of input bits is assumed to be uniform
distribution, so we can approximate ,
and other terms with output expected values of logic-func-
tions. Note that the error-compensation bias with

in (18) is the same as [8, eq. (23)] and other three
multipliers are our new proposed structures in this paper. The
corresponding low-error 8 8 fixed-width multipliers can be
easily modified from the structure as shown in [8, Fig. 5].
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TABLE IV
COMPARISON RESULTS OF CHIP-AREA RATIO IN PERCENTAGE, R

B. Realizable Error-Compensation Bias Keeping More Than
Most Significant Columns

In [1] and [2], the works turn out that lower truncation error
can be obtained if larger most significant columns are
kept in hardware. However, more area cost will be paid. Since
the most significant columns of reduction error and rounding
error do not possess the same column, we adopt S-Ss’ method
[2] to concurrently treat reduction and rounding errors. (9) can
be rewritten as

(19)

where

(20)

(21)

(22)

and where denotes the maximum integer equal to or less
than . Concurrently treating method for reduction and rounding
errors of (19) can be directly referred to derivation of [2]. (22)
can be found in [2], [6] and the only difference is the multiple
of for fractional operation, so we ignore detailed derivations.

In the first step, two types of binary thresholding for the error-
compensation bias can be changed to

Type 1)

if

if

(23)

Type 2)

if

if

(24)

where , , and are average values of for satis-
fying , , and ,
respectively. The restriction of the value of can be limited as

for , 2, 3 and 4. For ,
since the same simulation procedure as mentioned in [8] can be
applied, we only introduce the analysis for and construct
the structure.

In the second step, by exhaustive search within Type 1 bi-
nary thresholding, we can find that one good index
for satisfies the restriction of and as shown in
Fig. 2. The average error and variance of error resulted from
the index are shown in Figs. 3 and 4, respectively.
After exhaustive simulation from to 16, we observe that
the specific index achieves better error performance,
where the chosen index satisfies and . On
the other hand, for Type 2 binary thresholding, the error simula-
tions in terms of average errors and variance of errors are larger
than what we find error resulted from the best index in Type 1 bi-
nary thresholding, so we bypass the discussion in Type 2 binary
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Fig. 2. Values of K and K versus different � in Type 1 binary
thresholding for n = 6.

Fig. 3. Average errors by full-search simulation versus different � in
Type 1 binary threshoding for n = 6.

Fig. 4. Variance of errors by full-search simulation versus different �
in Type 1 binary threshoding for n = 6.

thresholding. Thus, a new error-compensation bias at
can be proposed as

if

if
(25)

Because , (25) can be simplified
as

if

if
(26)

where .
Importantly, the error performance obtained from the index

in Type 1 binary thresholding is lower than that of the
existing structures [1]–[8] as shown in Tables I– III. In terms of
area cost, the proposed one is competitive compared with K-Ss’
structure with . In the third step, considering (25) with

in Type 1 binary thresholding, the statistical tech-
niques based on the uniform distribution assumption can be used
to verify values of and . That is, we verify and

at in Type 1 binary thresholding for each
value of .

Case 1)
In this case, is met only when

. That is,
Case 1 is a conditional probability case, and thus we
deduce (27) from (20) as

(27)

Note that is positively proportional to ,
so this error-compensation circuit is difficult to de-
sign. Fortunately, while , we observe the fact
that Case 1 is a minor case for all input combina-
tions and the rounding value of is always equal
to or greater than one. In order to design a simple
error-compensation circuit based on above two facts,
we can adopt a constant to approximate the value of

. (27) can be approximately set to

(28)

Substituting (28) into (23), we obtain

(29)
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Fig. 5. (a) Proposed low-error fixed-width 8 � 8 two’s-complement multiplier with � , and (b) logic diagrams of AOR, ANOR, AHA, AFA, NFA.

Case 2)
From (20), we obtain (30) by statistical techniques

as

(30)

Substituting (30) into (23), we obtain

(31)

By combining (29) and (31), we obtain (25) and sim-
plify it as (26). (26) with the chosen index
is suitable for being an error-compensation bias for
each value of . Importantly, note that if equals
zero, (26) will be identical to the error-compensation
bias in [4]–[6] for two’s-complement multiplication.
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Fig. 6. Proposed low-error fixed-width 8 � 8 two’s-complement multiplier with � .

However, from simulation and statistical verification
in (27), should be added a value that at least equal
to or greater than one. Therefore, this constant ap-
proximation for can be accepted and the error can
be lower than that in [4]–[6]. In the fourth step, (26)
can be mapped to the structure as shown in Fig. 5(a)
for , where A, ND, HA, and FA denote AND
gate, NAND gate, a half adder and a full adder, respec-
tively, and the logic diagrams of AOR, ANOR, AHA,
AFA, NFA are depicted in Fig. 5(b). For other values
of , we can follow the same procedure to evaluate

, error performance and then construct the struc-
ture. From simulation results, in Type 1 bi-
nary thresholding is still the best index for .
Thus,wecan conclude the error-compensation biasas

if

if
(32)

The block diagram of the low-error fixed-width mul-
tiplier corresponding to (32) is shown in Fig. 6 for

and . Apparently, the area is increased
due to requiring half adders in the bottom row.

The proposed design procedure is summarized as follows.

1) Propose an error-compensation bias with a new binary
thresholding for a fixed value of .

2) Simulate the value of and error performance of the
proposed error-compensation bias using our generalized
index, and then select the best index having lower error
and satisfying the same value of for limited width .

3) Verify the realizable error compensation bias by statistical
techniques.

4) Construct the low-error fixed-width multiplier structure.

We can see that utilizing our proposed methodology, not only
the new multiplier is devised, but also the previous multiplier
structures such as K-G-As’, J-K-Cs’, K-Ss’ multipliers can be
reproduced. So as to reproduce K-G-As’ and K-Ss’ multiplier,
users only modify phase 1 design procedure as error-compensa-
tion bias with the same value of (i.e., without binary thresh-
olding) for a fixed value of .
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IV. PERFORMANCE AND IMPLEMENTATION

In this section, the performance is assessed in terms of the
relative maximum error , relative average error , and
relative variance of error with respect to the error perfor-
mance of the D-Truncated multiplier. The error terminologies
are defined, respectively, as

(33)

(34)

(35)

It is obvious that a fixed-width multiplier is more accurate if
, , and are smaller. Tables I–III reveal simulated

results corresponding to (33)–(35), respectively, for various
fixed-width multipliers versus different width . The compar-
ison results show that our proposed fixed-width multipliers are
more accurate than others [1]–[7] for different values of . The
better performance is achieved due to the fact that we derive
better error-compensation biases to reduce the truncation error.
Herein, note that in order to obtain more accurate multiplication
result of K-Ss’ structure, we adopt the rounding approach for

most significant columns. Thus, a slightly increased area can
be expected for K-Ss’ fixed-width multiplier.

Concerning the chip implementation, the cell-based design
flow with Artisan standard cell library is adopted and the various
fixed-width multipliers have been implemented in UMC0.18-um
CMOS process. The Synopsys Design Compiler is used to syn-
thesize theRTLdesignof theconventional aswell as theproposed
multipliers and the Synopsys Apollo is adopted for placement
and routing (P&R). The active chip area results are tabulated in
Table IV and the chip-area ratio in percentage is defined as

(36)

where and denote the area of the standard
multiplier and various truncated multipliers, respectively. The
chip-area ratio in Table IV shows that the proposed multiplier
has approximately the same area-ratio of [4]–[7] at each corre-
sponding value of so that the low-error fixed-width multiplier
is area-efficient. From Tables I–IV, it is concluded that if larger
value of is required, the features of lower error as well as larger
area are exposed. For convenience of evaluating actual values of

, , , and , we append the original error and area
values of the D-Truncated multiplier and standard multiplier, re-
spectively, to the second row within parentheses in Tables I–IV.
On the other hand, more design information can be emerged,
while the values captured from Tables I–IV are put together. For
example, for , the relative average error and area ratio of
Tables II and IV, respectively, can be plotted in Fig. 7, where X
axis and Y axis denote area ratio and average error, respectively.
In case the design constraint is under 70% area cost of the stan-
dard multiplier, we can see that, in Fig. 7, Type 1 structure with

is the best choice due to the lowest average error. In the
same way, one can easily reproduce the similar figures for other
values of . The active chip layout area of the proposed Type 1 8

8 fixed-width multiplier as shown in Fig. 8 is 70.64 um 67.52

Fig. 7. Average error results versus area ratio for 8� 8 fixed-width multipliers.

um. In the worst case condition, the power consumption mea-
sured via the Synopsys Nanosim is 0.336 mW at an average oper-
ation rate of 100 MHz. The critical delay time obtained from the
static timing analysis of Synopsys Apollo is 6.98 ns in the worst-
case condition. Table V summarizes the chip characteristics of
Type 1 8 8 fixed-width multiplier with . We find that,
compared with the D-Truncated multiplier, our proposed Type 1
8 8 fixed-width multiplier can reduce 88% average error. It is
also shown that the same proposed multiplier leads to 32.75% re-
duction in area compared with the standard multiplier, where the
area of 8 8 standard multiplier is 85.82 um 82.64 um. In the
case of 16 16 multiplication, the product of Type 1 fixed-width
multiplier with is close to the product of the standard
multiplier with an area reduction of 41.45%. Thus, our proposed
fixed-width multipliers possess the features of low error and area
efficiency.

Next, we apply the proposed fixed-width multipliers to
the 35-tap finite-impulse response digital filter for speech
processing application. The detailed simulation setting can
be referred to the literatures [8], [14]; here, we only expose
the error performance of speech signals as shown in Fig. 9.
From comparison results in Fig. 9 obtained by five fixed-width
multipliers, we observed that the proposed Type 1 fixed-width
multiplier with outperform the existing fixed-width
multipliers for most speech signals. Concerning the comparison
of fixed-width multipliers at (i.e., K-G-As’, J-K-Cs’
and Type 2 multipliers), more true voice can be retrieved after
applying Type 2 fixed-width multiplier with .
The two’s-complement fractional multiplication including
overflow detection and alleviation circuit design can be referred
to the material in [15] and herein we bypass the discussion.

V. CONCLUSION

This paper develops a more generalized methodology for de-
signing a family of low-error area-efficient fixed-width mul-
tipliers for different values of . In this article, by properly
choosing the binary thresholding and generalized indexes as
mentioned in this methodology, we devise five new better error-
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Fig. 8. Type 1 fixed-width multiplier layout with � for n = 8.

TABLE V
CHIP CHARACTERISTICS OF TYPE 1 8 � 8 FIXED-WIDTH MULTIPLIER

WITH �

compensation biases to reduce the relative maximum error, rela-
tive average error and relative variance of error. From chip-area
ratio comparison, these new low-error fixed-width multipliers
are shown to be area-efficient for VLSI implementation. Finally,
we successfully apply the proposed fixed-width multipliers to
speech processing application and obtain satisfactory results.
The future work is to apply this generalized methodology to
other arithmetic number systems and we have some comparable
results for fixed-width Booth multipliers [16], [17].

APPENDIX A
By introducing an integer variable, , into (9), we can

obtain

(A.1)

Let

(A.2)

(A.3)

(A.4)

where is a nonnegative integer since is a nonnegative
integer, is a real number, is a positive integer and is a
fractional number whose range is . In view of (A.
2) to (A.4), there are only two conditions to be discussed in the
sequel.

Case 1) and
Since and , (A.5) is directly obtained

as

(A.5)

Case 2) and

(A.6)

Applying Lemma 1 in which and , (A.6) can
be written as

(A.7)
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Fig. 9. Comparison results of error signals obtained with five kinds of fixed-width multipliers.

Combining (A.5) to (A.7), we conclude
and

(A.8)

Lemma 1: If given an integer variable, , and frac-
tional number, , whose range is , then

.
Proof: If , we directly obtain the result as

(A.9)

If , we can modify as

(A.10)

Combining (A.9) and (A.10), we have
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